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1. INTRODUCTION
 In 6 the author offered a detailed treatment on Poincare stable orbits´
of autonomous dynamical systems. Recently, I have found that periodicity
is closely associated with the asymptotically Poincare stable orbits of´
autonomous dynamical systems in terms of an omega limit set.
To show this observation, I first review some preliminaries for conve-
nience. Consider a continuous dynamical system described by autonomous
differential equations
dx
n f x , xG R . 1.1Ž . Ž .
dt
n rŽ .Ž .where G is a closed bounded domain in R and f C G r 1 .
Ž . Ž .Let x t, x , 	 t
 denote the solution of 1.1 with initial0
Ž . 
Ž .point x  x 0, x . Let o x be the forward or positive orbit passing x ;0 0 0 0

Ž .  Ž .  4 Ž .that is, o x  x t, x 0 t
 . In addition, let B x be the open0 0 
ball with center x and radius  . Clearly, only bounded orbits are of
interest here, so I consider orbits bounded in the domain G.
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Now recall the definition of Poincare stability.´
Ž . Ž .Poincare stability. A solution x t, x to system 1.1 is said to be´ 0
Ž .Poincare stable if for any  0 there exists    0 such that for every´
Ž .y  B x , one can find two parameterizations,  and  , of time t such0  0 1 2
that
x  t , x 	 x  t , y  Ž . Ž .Ž . Ž .1 0 2 0
 .holds for t 0, where  and  are homeomorphisms from 0,
 to1 2
 . Ž . Ž .0,
 with  0   0  0.1 2
Ž .Asymptotic Poincare stability. A Poincare stable solution x t, x to´ ´ 0
Ž .system 1.1 is said to be asymptotically Poincare stable if for any  0´
Ž . Ž .there exists    0 such that for every y  B x , one can find two0  0
parameterizations,  and  , of time t such that1 2
x  t , x 	 x  t , y  0 as t
,Ž . Ž .Ž . Ž .1 0 2 0
 .  .where  and  are homeomorphisms from 0,
 to 0,
 with1 2
Ž . Ž . 0   0  0.1 2
I now introduce the notion of uniform asymptotic Poincare stability.´
Ž . Ž .DEFINITION 1.1. A solution x t, x to system 1.1 is said to be uni-0
formly asymptotically Poincare stable if for any  0 there exists  0,´
0 Ž Ž 0 ..which is independent of  , such that for every t  0, if y  B x t , x ,0  0
then one can find two parameterizations,  and  , of time t such that1 2
0x  t , x t , x 	 x  t , y  Ž . Ž .Ž .Ž .Ž .1 0 2 0
holds for t 0 and
0x  t , x t , x 	 x  t , y  0 as t ,Ž . Ž .Ž .Ž .Ž .1 0 2 0
 .  .where  and  are homeomorphisms from 0,
 to 0,
 with1 2
Ž . Ž . 0   0  0.1 2
Note that this definition is sharply different from the so-called uniform
Ž  .stability of equilibrium points see, e.g., 3 .
REMARK. Note that the definition of Poincare stability given here and´
 in 6 is not exactly the same as that given in the mathematical literature
   3 . This kind of Poincare stability was defined in an old paper 5 as the´
Zhukovskij stability. However, the so-called Zhukovskij stability is quite
 less known in the literature, and in the physical literature 2 this is still
called Poincare stability or orbital stability because of its interest in´
dynamics. According to the convention, we call this kind of stability the
 Poincare stability as in 6 .´
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2. THE THEOREM
I now present the main result.
Ž . Ž .THEOREM 2.1. If a solution x t, x to system 1.1 is uniformly asymptot-0
ically Poincare stable, then its omega limit set is a periodic orbit.´
Ž .Proof. Let D x denote the n	 1 dimensional disc,
D x  T  B x ,Ž . Ž . x 
D x  T  B x ,Ž . Ž . x 
where T is the n	 1 dimensional hyperplane at the point x and isx
Ž . Ž . perpendicular to the vector f x of 1.1 at the regular point x the point
Ž .  Ž .where f x  0 , and B x is the ball defined as before.
Ž . Ž .Now suppose that the orbit x t, x to system 1.1 is uniformly Poincare´0
 asymptotically stable. By the long tubular flow theorem 4 , it is not
Ždifficult to see that there exists a   with  the number defined as in
. Ž . Ž Ž .Definition 1.1 and a Poincare map from D x into D x t, x ,´  0  0
 : D x D x t , xŽ . Ž .Ž .t  0  0
for every t 0.
Ž .Because x t, x is uniformly asymptotically Poincare stable, the relation´0
diam  D x  0 as t Ž .Ž .Ž .t 
Ž .holds for every point x x t, x , where diam refers to the diameter of0
Ž Ž .. D x in terms oft 0
 diam A  max x	 y .Ž .
x , yA
Ž .Let  be an omega limit point of x t, x . Then there exists a sequence0
Ž . Ž . Ž . Ž .t   as j  with x t , x D  and x t , x  . Therefore,j j 0  j 0
there exists k 0 such that
x t , x   8, D  D x t , x .Ž . Ž . Ž .Ž .k 0  2  k 0
Because
diam  D   0 as j ,Ž .Ž .ž /t 	t  2j k
there exists i 0 such that
diam  D   8 1Ž . Ž .Ž .ž /t 	t  2i k
for t i.
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On the other hand, by the definition of the asymptotic uniform Poincare´
 .stability, it is easy to see that there exists a homeomorphism h : 0, 
 .  Ž Ž . . Ž Ž ..0, with x h t ,  	 x t, x t , x  0, as t . Furthermore, onek 0
can find m k such that
x t , x 	   8Ž .m 0
and
x h t 	 t ,  	 x t 	 t , x t , x  8.Ž . Ž .Ž . Ž .m k m k k 0
Ž Ž .. Ž . Ž .Note that x t 	 t , x t , x  x t , x D  , so one can choose them k k 0 m 0 
Ž Ž . . Ž .homeomorphism h such that x h t 	 t ,  D  .m k 
It follows that
x h t 	 t ,  	 Ž .Ž .m k
 x h t 	 t ,  	 x t 	 t , x t , xŽ . Ž .Ž . Ž .m k m k k 0

 x t 	 t , x t , x 	 Ž .Ž .m k k 0
 x h t 	 t ,  	 x t , x 
 x t , x 	 Ž . Ž . Ž .Ž .m k m 0 m 0
 4.
Ž .  4 Ž .Now for every yD  , take t max t , t . Then one gets, by 1 ,2 a m i
x h* t 	 t , y 	 x h t 	 t ,   8,Ž . Ž .Ž . Ž .a k a k
 .  . Ž Žwhere h* is a homeomorphism from 0, to 0, such that x h* t 	a
. . Ž .t , y D  , andk 
 8
 4 2.
This means that the Poincare map´
 : D  D Ž . Ž .2 
satisfies
 D  D  .Ž . Ž .Ž .2  2
It follows from the fixed-point theorem that there exists a point x suchp
that
 x  x ,Ž .p p
Ž .and the orbit x t, x is a periodic orbit.p
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Ž .Because of the uniform asymptotic Poincare stability of x t, x , the´ 0
Ž . Ž .orbit x t, x is an omega limit set of x t, x , again because of thep 0
Ž .uniform asymptotic Poincare stability of x t, x . This periodic orbit is the´ 0
Ž .unique omega limit set of x t, x .0
REMARK. Theorem 1.1 is proved under an additional ‘‘uniform’’ condi-
tion. Nonetheless, this assertion should be true without the ‘‘uniform’’
hypothesis and remains to be discussed.
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